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HMuceprarniitna poOoTa NpPUCBAYEHA JAOCTIPKEHHIO YMOB TMOIIUPEHHS Ta
B3a€MO/IIi BHYTPIIIHIX CIA0KOHENIHIMHUX XBWJIBOBUX IMAKETIB Yy TPUILAPOBIN
TIPOAMHAMIYHIN CHUCTEMI «IMIBOPOCTIP — IIap — MIAp 3 TBEPIOI0 KPHUIIKOIO» 13
3aCTOCYBaHHSM METOy 0araroMaciiTaOHUX PO3BHHEHb.

[[IBuaKui PO3BUTOK CyYaCHMX TIAKETIB KOMIT'IOTEpHOI airedpu Ta
YIOCKOHAJIGHHS ACHUMIITOTUYHMX METOJIB, fAKl, 3a3BUYail, MNPHU3BOJATH JO
IPOMI3IKOCTI aHATITUYHHUX MEPETBOPEHB, TOCHPUSIB MOMKIMBOCTI BOPUTYJ MIIATH
JI0 KJIacy HENHIMHUX 3aj7a4, siki O BpaXOBYBaJIM PO3B’SI3KM HENIHIMHUX MPOOIEM y
HAOMMKEHHSIX BUIIMX TOPsAAKiB. ToMy, 3 ypaxyBaHHSM HAaKOMYEHOTO JOCBITy,
BUHHUKJIA HEOOXITHICTh JOCIIIUTH HEJIIHIMHI TpaBITAIMHO-KAMUISPHI XBUI Y
TPUIIAPOBINA PIAKIA CUCTEMI 1 MpOaHATI3yBaTH iXHE TOIIMPEHHS, MOIYJAIINHY
CTIMKICTh OOBIIHMX Ta IHILI XapaKTEPUCTUKUA CUCTEMH B 3aJIEKHOCTI BiJl (PI3UUHUX
Ta TEOMETPUYHUX IMapaMeTPiB.

V po60Ti pO3TISTHYTO MOCTAHOBKY CJIA0KOHEIIHIMHOI 3a/1a4l MOUIUPEHHS Ta
B3a€MO/Iii XBWJIbOBUX IMAKETIB y CUCTEMI «IIBIPOCTIp — IMIap — IIap 3 TBEPOIO
KPHUIIKOI0». 3 BUKOPUCTAHHIM METOAY OaraToMacmTaOHUX PO3BUHEHb BHUBEICHO
nepi Tpu JiHIHHI HaOJM>KEeHHS 3a71adl Ipo MOIIMPEHHS Ta B3a€EMOJIII0 XBUJIb
B3/I0B)K MOBEPXOHb KOHTAKTY B JaHii cucteMi. Po3B’s3aH0 3amady mnepuioro
HaOJMOKEHHSI Ta OTPUMAHO JNHUCIIEPCIHE CHIBBIAHOIICHHS, SIKE Ma€ JB1 mapu
JIHIMHO HE3aJIe)KHUX PO3B’SA3KIB. 3HAWJIEHO PO3B’SA3KU 3ajJadl  JAPYyroro
HaOmmkeHHs. BuBegeHO yMOBHU pO3B’SI3HOCTI JIpyroro Ta TPEThOTO

HaOIwkeHb. Ha OCHOBI IUX yMOB 3 ypaxyBaHHSM JUCHEPCIHHOTO PIBHSHHS



OTPUMAHO €BOJIOIIIHI PIBHSIHHS 00BITHOI BHYTPIIIHBOTO BEPXHBOTO Ta HIKHBOTO
XBWJIBOBOTO MakeTy y Gopmi HemiHiiHoro piBHAHHSA Ll peninrepa.

VYV xo/i aHai3y KOpPEHIB JUCHEPCIHOTO PIBHSIHHS PO3TJISHYTO JBa TPaHUYHI
BUMAIKHU, SKI MIATBEPIKYIOTh JOCTOBIPHICTH OTPUMAaHMX pe3yJbTaTiB. AHai3
3aJIE)KHOCTI  4acTOT IIEHTPY XBHJIBOBOTO IMakeTy BiAg (I3UYHUX Ta
FeOMETPUYHUX MapaMeTpiB CUCTEMHU 3 YpaxXyBaHHSIM BIUIMBY IOBEPXHEBOTO
HaTsATy TOKa3aB, IO NIpPH IMEPeXo/i CUCTEMHU BiJ OJHOTO BUPOIKEHOTO
BUIIAJKY JO JAPYTOro CIOCTEpIraeThbCcs sKICHa cUMETpist rpadikiB 4acToT
IIEHTPY XBHJILOBOTO MAKETy BIJIHOCHO 3HAUYECHHS T'YCTUHHU CEPEAHBOTO IIapy.
[Ipu 11bOMY BITMB MOBEPXHEBOTO HATATY HA OJHIA 13 NMOBEPXOHb KOHTAKTY
ab0 Ha JIBOX IIOBEpPXHSAX OJHOYACHO NIPU3BOJUTH JO 30UIbLICHHS
a0COTIOTHOTO 3HAYEHHS YaCTOTH IIEHTPa XBUJILOBOTO TTaKeTa.

JloCiIKEHO 3aJIeKHICTh aMILTITY T XBUJIb-BIATYKIB BiJl TapaMETPIB CUCTEMH.
BusiBieHo, mo mpu 30UIbIIEHHI TOBIIMHU BEPXHBOTO IIAPY AMILNITYIU XBHJIb-
BIJITYKIB MPSAMYIOTh /10 TPAHUYHOTO 3HAYEHHS, a PU PIBHUX CTPUOKAX I'yCTUHU Ha
MOBEPXHAX  KOHTAKTy  aOCOJNIOTHI  3HAYEHHS  aMIUNTYJ  XBUJIb-BIJITYKIB
CHIBMNAJAI0Th. SIKIIO CTPUOOK I'yCTMHM HA HUXKHIA NMOBEPXHI KOHTAKTY € MEHIIHUM
3a CTpUOOK TYyCTMHM Ha BEPXHIM TOBEPXHI KOHTAKTY, TO aMIUITyJa XBUJIb-
BIITYKIB, SIKa BUHUKA€ HA HIKHIN MOBEPXHI, € OUIBIIO, HI)K aMILIITyJa XBHIIb-
BIJIFCYKIB HA BEpXHI1{ MOBEpxHI. 3MiHA 3HAYEHHS XBUJIbOBOI'O YKCIIA MPUBOIUTH JI0
TOTO, IO 3HAYEHHS aMIUTITYJ XBWJIb-BIATYKIB JOCHTHh IIBHUAKO 30Iral0ThCs 0
CHUIBHOTO TPAaHUYHOTO 3HAYCHHS.

HocnixenHss GopMu BIAXUIICHHS TOBEPXOHb KOHTAKTy y paMKax 3ajaadl
MePIIOro HAOIMKEHHS TIOKA3aJI0 3aJIeKHICTh aMILTITYU BIIXUJICHHS, SIK BEPXHbBOT
TaK 1 HKHbOI MOBEPXOHb KOHTAKTY, BiJl 3MIHU T'YCTUHU cepeHboro mapy. [Ipore,
3 HAOJMKEHHSM 3HAYCHHS TYCTHHU CEPEIHBOTO Iapy N0 3HAYCHHS TYCTHHU
HUKHBOTO II1apy 1€ BIUIUB € OUTHIII BUPAXECHUM Ha HWKHIN MOBEPXHI KOHTAKTY.
AMIUTITY1a BEpXHBOI MOBEPXHI KOHTAKTY 3a3HAE ICTOTHUX 3MIH TUIBKU MPHU 3MiHI
TOBIIUHU BEPXHHOTO IMapy. BiaMiTEMO, IO TPOBEACHHWM aHaJI3 BiAHOIIECHHS

aMILIITYJ] € BaXJIMBUM MPH MOJATBIIOMY JOCIIIKEHHI €HEPreTUYHHUX TMPOIIECIB B



CUCTEMi, IO AOCTIKYETbCA, AK€ MPH MOUIMPEHHI XBWJIb B 0araTomapoBHX
TIApOAMHAMIYHUX CHCTEMAaX BUHUKAE SIBUIIC TIEPEKaYyBaHHS CHEPTil XBUIIb.

AHani3 GopmMu BIAXUJICHHS TOBEPXOHb KOHTAKTY 3 ypaxyBaHHs HaOJIMKEHHS
JIPYroro TOPSAKY BHUSBHUB IMApaMETPH CHCTEMH, 3a SKUX BHHHKAIOTh XBHJI 3
3aroCTpEeHUMHM TPeOIHSIMHU Ta 3aTYIUICHUMH MiJoIBaMu, ab0 XBHIII 3 3aTyIUICHUM
rpebiHEM 1 TOCTPOIO MiAomBOK. Takok BHSABIEHI 00JIacTi TaciHHS JIPYyTroi
TapMOHIKM Ta 00JIaCcTi 1CTOTHOTO BIUIMBY JAPYroi rapMOHIKH Ha (opMy MOBEPXHI
KOHTaKTY.

AHani3 po3B’s3KIB JpYyroro HaOMMKEHHS T[0Ka3aB HAasABHICTh oOO01acTei
pEe30HaHCy JIpyroi rapMoHiku. Ha HMXHINA MOBEpXHI KOHTAKTY Taki 00JjacTi Oyiu
BUSIBJICHI B OKOJII KPUBUX, JIe KOS(DIIIEHT IPYroi TapMOHIKK HaOyBa€ SIK 3aBr'OJHO
BCJIMKMX 3HA4Y€Hb, a TaKOX KPUBHUX, JI€ CIOCTEPITa€TbCsl BUPOKEHHS
TPUIIAPOBOI cuUcTeMU Yy JBomapoBy. lle mamo 3Mory BHKOHATH OIIHKY
3aCTOCOBHOCTI METOAy OaraToMaciiTaOHUX PO3BUHEHb JI0 JaHOi IpoOiemMu Ta
3pOOMTH BHCHOBKM TIPO TOYHICTH METONY Ta JOCTOBIPHICTb OTPUMAHMX
pE3yJbTATIB.

[loOynoBaHo miarpamMu MOAYJAILINHOT CTIMKOCTI [JIsi PI3HUX 3HAYCHBb
TOBIIMHU BEPXHBOTO IIAPY HA IJIOMIUHI «TYCTHHA IIapy — XBUJIBOBE UKCIIOY», TPU
IIbOMY BHSBIICHO KpPHBI, SKI BIIJIUISIOTH 00JacCTh MOJIYJISIIAHOI CTIHKOCTI BiJ
HECTIMKOCTI JUIsl KamUISpHUX Ta TpaBiTalliiHUX XBWUJIb. BusiBieno, mo o6nacti
MOIYJISIIAHOT HECTIHKOCTI ICTOTHO PO3MIUPIOIOTHCS TpU 301IBIICHH] TOBIIUHU
BEPXHBOTO IIapy.

BuBeneHo BUpa3u Ajid OLIHKM TOTOKY €HEprii TpbOX IIapiB PIIMHUA Ta
CYMapHO1 €Heprii TAPOANHAMIYHOI CUCTEMH «IIIBIIPOCTIp — IIap — Iap 3 TBEPIOIO
KPHUIIKOI0» Y BUIJIAl 1HTErpajiB 3a 4acOBOIO Ta BEPTHKAIBHOIO MPOCTOPOBOIO
3MIHHUMHU BiJ] JOOYTKY MOXITHUX TMOTEHINIATIB IIBUAKOCTEH 3a YacOBOIO Ta
TOPU30HTAJIBLHOIO MPOCTOPOBOIO 3MIHHUMH. bylo BHSBICHO, IO €HEpris
CEpPEeIHbOI0 Ta BEPXHHOTO IIAPY TPHUIIAPOBOI TIAPOJAMHAMIYHOI CHUCTEMH 3i
30UTBINICHHSIM 3HAYEHHS XBWJIHOBOTO YHCIIA MA€ CIAJHUANA XapakTep 1 MpsSMye 0

IICBHOTO T'PAaHUYHOI'O 3HAYCHHSA, JAKE O KOPOTKHX XBHWJIb HC 3aJIC)KUTH BiI[



TOBIIMHUA BEPXHBOTO MIapy. Y TOW K€ Yac 3HA4YEHHS €HEeprii HIKHBOTO Iapy
3pocTae, a MICHs JOCATHEHHS MaKCUMYMY CIIaJla€ 10 CBOTO MPaHUYHOTO 3HAYEHHS.
[Ipy bOMY MOTIK €HEPriis CHUCTEMH, III0 € CYMOIO IMOTOKIB €Heprii TphOX IIapiB,
TAaKO)X Ma€ CHaJHUK XapakTep 1 [JOCTaTHBO IIBHJAKO 30Ira€ThCcsi JO CBOTO
I'PaHUYHOTO 3HAYCHHS.

AHani3 BIUIMBY TE€OMETPUYHUX TMapaMeTpiB CUCTEMU Ha EHEpPreTUyH1
XapaKTePUCTUKHU BUSBUB Taki e(peKTH Ta 3aKOHOMIPHOCTI: HasIBHICTH MPOTPECUBHOT
rpaBiTaIlifHOI XBUJII Ha BEPXHINA MOBEPXHI KOHTAKTY MPU3BOJUTH JI0 3POCTAHHS
CyMapHOi €Heprii CHUCTeMH J0 TPAaHUYHOTO 3HAYECHHS, B TOW dac SIK IS
KaliJsipHUX XBHWJIb CyMapHa €HEpTis CHUCTEMH Ma€ CHaJHUNA XapakTep; s
BUIIAJIKY TpaBITAllIMHO-KAMUIAPHUX XBUJIb, 32 YMOBH, 1[0 MPOTPECHUBHA XBUJIS HA
BEpXHIIl MOBEPXHI KOHTAKTy BIJICYTHS, a € JIMIIE NPOrPECUBHA XBWJIS HA HUKHIN
MOBEPXHI KOHTAKTY, €HEPrisi CUCTEMU 31 301IbIICHHSIM TOBIIMHUA BEPXHHOTO IIAPY
Ma€ CIQJHAN XapakTep 1 JJIg TpaBITAliiHUX XBUJIb Mae€ OUIbIIe 3HAYCHHS
MOPIBHSHO 3 KalUIIPHUMU XBUIISIMU.

PesynpTaTn gucepraniiHoi poOOTH B IIJIOMY HOCSTh TEOPETHUUHUN
XapakTep, Y HUX, B 3HAUHIM Mipi, BpaxoBaHl CydacHi MpoOJieMH MOJEITIOBaHHS
XBHJIbOBUX TIPOIIECIB, SKI BUHUKAIOTh B TMpaKTUYHIA JisyibHOCTI. HasBHICTB
BEJIUKOI KUTHKOCTI (hI3MUYHUX Ta TEOMETPUYHHX IMapaMeTPiB CUCTEMH, MOB’SI3aHUX
MDK CO00010, MPU3BOAUTH 10 HEOOXITHOCTI ACTAIBHOTO aHATI3y Ta IHTEepHpeTarii
OTPUMAaHMX PE3yJbTATIB, Kl CTBOPIOIOTH IUIICHY KapTUHY XBUJIBOBOIO MPOIECY 1
y HOBHIM Mipi MOXYTb OyTH 3aCTOCOBaH1 JJisi BUBUCHHSI XBWJIHOBUX MPOIIECIB B
OKeaHi 3 JIbOJAOBUM MOKPHUTTSAM Ta 3 MIAPyBATOI CTPYKTYPOIO PIUHU, SIKa BUHUKAE
noOJM3y THpJa PIvOK, a TAKOXK y BIAKPUTOMY OKE€aHl y TMepiojJ TaHEHHS JhOY.
BuBYCHHS BIUIMBY TIOBEPXHEBOTO HATIATY Ma€ TPaKTUYHE 3aCTOCYBaHHSA Y
pO3pOO0Kax HOBUX TEXHOJIOTIM 3 BUKOPUCTAHHSM IAPYBATHX CEPEIOBHII, SKI HE
NEPEeMILITYIOTCSI, [0 Ma€ MEePCIEKTUBY 3aCTOCYBAaHHS y CTBOPEHI 1HHOBAIIMHHUX
pILIEHB JJI PI3HUX Tally3ed MPUKIIAHOT HAYKH.

HucepramiitHy po6oTy OyJl0 BUKOHAaHO B MEXax IHIMBIAyalbHOTO TUIAHY

poboTn  acmipaHTa Ta B paMKax  JIOCHI/DKEHHS,  3M1MCHEHOro Yy
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The thesis is devoted to the investigation of the conditions of propagation and
interaction of internal weakly nonlinear wave packets in a three-layer
hydrodynamic system "half-space — layer — layer with a rigid lid" using the
asymptotic method of multiscale expansion.

The rapid development of modern packages of computer algebra and the
improvement of asymptotic methods, which usually lead to cumbersome analytical
transformations, have contributed to the possibility of coming close to the class of
nonlinear problems that would take into account solutions of nonlinear problems in
higher-order approximations. Therefore, taking into account the accumulated
experience it is necessary to study nonlinear gravitational-capillary waves in a

three-layer fluid system and analyze their propagation, modulation stability of the



envelope and other characteristics of the system depending on physical and
geometric parameters.

The thesis deals with the formulation of a weakly nonlinear problem of
propagation and interaction of wave packets in the system "half-space — layer —
layer with a rigid lid". Using the method of multiscale expansion to the third order,
the first three linear approximations of the problem of propagation and interaction
of waves along the contact surfaces in the system are obtained. The problem of the
first approximation is solved and a dispersion relation is obtained, which has two
pairs of linearly independent solutions. The solutions of the second approximation
problem are found. The conditions for the solvability of the second and third
approximations are derived. Taking into account these conditions and the
dispersion equation, two evolution equations of the envelopes of internal upper and
lower wave-packets are obtained in the form of a nonlinear Schrédinger equation.

As a result of the analysis of the roots of the dispersion equation, two limit
cases are founded, which confirm the reliability of the obtained results. Taking into
account the effect of surface tension, the analysis of the dependence of the
frequencies of the center of the wave-packet up to the physical and geometric
parameters of the system is completed. The transition of the system from the first
degenerate case to the second one leads to a qualitative symmetry of graphs of the
frequencies of the center of the wave-packet via to the value of the density of the
middle layer. The effect of the surface tension on one of the contact surfaces or on
two surfaces simultaneously leads to an increase of the absolute value of the
frequency of the center of the wave-packet.

The response waves’ amplitudes dependence on the system parameters is
investigated. It is found that with increasing thickness of the upper layer, the
amplitudes of the response waves limit to the fixed value. In the case of the equal
jumps in density on the contact surfaces, the absolute values of the amplitudes of
the response waves coincide. If the density jump on the lower contact surface is
less than the density jump on the upper contact surface, then the response wave

amplitude on the lower surface are larger than the response wave amplitude on the



upper surface. Changing the wave number value leads to the fact that the values of
the amplitudes of the response waves quickly approach to a common limit value.

The study of the form of the elevation of the contact surfaces in the
framework of the solution of the first approximation problem had showed the
dependence of the amplitude of the elevation of both, the upper and lower, contact
surfaces on the density of the middle layer. However, as the middle layer density
approaches the lower layer density, this effect is more pronounced on the lower
contact surface. The amplitude of the upper contact surface changes only when the
thickness of the upper layer changes. Note that the analysis of the ratio of
amplitudes is important in the further study of energy processes in the system,
because the phenomenon of pumping energy waves occurs in case of the
propagation of waves in multilayered hydrodynamic systems.

Taking into account the second-order approximation, the analysis of the form
of the elevation of the contact surfaces have revealed the parameters of system
where waves with sharpened combs and blunted soles are formed or waves with
blunted combs and sharpened soles are formed. Also, the areas of second harmonic
damping and areas of significant influence of the second harmonic on the form of
the contact surface are investigated.

Analysis of the solutions of the second approximation have revealed the
presence of regions of resonance of the second harmonic. On the lower contact
surface, such the areas were found around the curves, where the coefficient of the
second harmonic acquires any arbitrarily large values, as well as curves, where the
degeneration of the three-layer system into the two-layer one is observed. This
made it possible to evaluate the applicability of the multiscale expansion method to
this problem and to draw a conclusion about accuracy of the method and the
reliability of the results.

Diagrams of modulation stability for different values of the thickness of the
upper layer on the plane "layer density — wave number" were constructed, and

curves that separate the region of modulation stability from instability for capillary



and gravitational waves were found. It is revealed that the areas of modulation
instability substantially expand with increasing of the upper layer thickness.

The expressions for quantitative and qualitative estimation of energy of three
layers of fluid and total energy of the hydrodynamic system "half-space — layer —
layer with a rigid lid" in the form of integrals on time and vertical space variables
from the product of velocity potentials derivations on time and horizontal space
variables are derived. It was found that the energy of the middle and upper layer of
the three-layer hydrodynamic system with increasing value of the wave number
has a descending nature and tends to a fixed limit value, which for short waves
does not depend on the thickness of the top layer. At the same time, the energy
value of the lower layer increases to a fixed value, and after reaching the maximum
it falls to its limit value. In this case, the energy of the system, which is equal to the
sum of the energies of the three layers, also has a decreasing nature and quickly
tends to its limit value.

The analysis of the influence of the geometrical parameters of the system on
the energy characteristics revealed the following effects and regularities: the
presence of the progressive gravitational wave on the upper contact surface leads
to an increase of the total energy of the system to the limit value, while the total
energy of the system for capillary waves has a decreasing nature; in the case of
gravitational-capillary waves, if the progressive wave on the upper contact surface
Is not taken into account and the progressive wave on the lower contact surface is
taken into account, then the energy of the system has a decreasing nature with
increasing thickness of the upper layer and, also, gravitational waves energy is
larger then capillary waves energy.

In general, the results of the investigation have a theoretical nature. To a large
extent, it take into account the modern problems of wave processes modeling that
arise in practical activity. The presence of a large number of interconnected
physical and geometric parameters of the system leads to the need for detailed
analysis and interpretation of the results. It create a holistic picture of the wave

process and, to the fullest extent, can be applied to study wave processes in an ice-



covered ocean and with a layered fluid structure that occurs near the mouth of
rivers and in the open ocean during ice melt. The study of the influence of surface
tension has practical application in the development of new technologies using
layered media that do not mixed, which has the potential to be used in creating
innovative solutions for various fields of applied science.

The thesis was performed within the framework of the individual
postgraduate work plan and within the framework of the research "Applied
mathematics in the study of complex systems with deterministic and stochastic
processes” (state registration number 0116 U 005271) conducted at Volodymyr
Vynnychenko Central Ukrainian State Pedagogical University.
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packet, internal waves, interaction of waves, wave amplitudes, amplitude ratio,

wave motion energy, envelope of wave-packet, modulation stability.
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